In this paper, we give some results on the set of gaps in numerical semigroups. Also, we determine S by the set of gaps H(S).
Introduction
Let N = {0, 1, 2, · · · n, · · · } and S ⊆ N. S is called a numericalsemigroup if S is sub-semigroup of (N, +) with 0 ∈ S.
It is known that every numerical semigroup is finitely generated, i.e. there exist elements of S, say n 0 , n 1 , · · · , n p such that n 0 < n 1 < · · · < n p and S = n 0 , n 1 Let us give the following definitions known for numerical semigroup S. g(S) = max{x ∈ Z : x / ∈ S} is called the F robenius number of S, where Z is the integer set. Thus, S numerical semigroup is S = {0, n 0 , n 1 , · · · , g(S) + 1 → · · · } ( The arrow "→" means that every integer which is greater then g(S) + 1 belongs to S).
We say that a numerical semigroup is symmetric if for every x ∈ Z\S, we have g(S) − x ∈ S by [2] .
For n ∈ S\{0}, we define the Apéry set of the element n as the set
It can easily be proved that Ap(S, n) is formed by the smallest elements of S belonging to the different congruence classes modn. Thus, (Ap(S, n)) = n and g(S) = max(Ap(S, n)) − n , where (A) stands for cardinality(A) by [3] . The elements of N\S, denote by H(S) ,are called gaps of S. A gap x of a numerical semigroup S is f undamental if {2x, 3x} ⊂ S. We denote by F H(S) the set of fundamental gaps of S.
Since S is a numerical semigroup and, i ∈ {1, 2, ..., r}, for x i ∈ F H(S) we write S = N\D(x i ) by [4] .
the set of gaps of S is
by [5] .
Main Results
In this section, we give some results for the set of gaps of S. Theorem 1. If S 1 and S 2 are two numerical semigroups, then we write
Proof. We have a ∈ H(S 1 S 2 ).It follows easily that a ∈ H(S 1 ) H(S 2 ). Since
a ∈ H(S 1 S 2 ) =⇒ a / ∈ (S 1 S 2 ) =⇒ ⎧ ⎨ ⎩ (i) a ∈ S 1 , a / ∈ S 2 (ii) a / ∈ S 1 , a ∈ S 2 (iii) a / ∈ S 1 , a / ∈ S 2 ⎫ ⎬ ⎭ .
Conversely,let us assume that
, we obtain the required result by definition of gaps. Corollary. For 1 ≤ i ≤ n,S i are numerical semigroups, then we can write
If S 1 and S 2 are two numerical semigroups such that S 1 S 2 or S 2 S 1 , then we have
Corollary. If S i are numerical semigroups such that S i S j and S j S i , where 1 ≤ i, j ≤ n, then we can write
Theorem 3. Let S 1 and S 2 are two numerical semigroups. K = S 1 S 2 numerical semigroup is determined as follows
Proof.We find the required result by Theorem 1 and Theorem 2. and g(S 1 ) = 11. Hence, we write H (S 1 ) = {0, 1, 2, ..., 11}\Ap(S 1 , 4) Ap(S 1 , 5) {9}) = {1, 2, 3, 6, 7, 11} and F H(S 1 ) = {6, 7, 11}. If we apply the same operations for S 2 above, then we find that Thus,we write
and F H(S 2 ) = {4, 7}.In this case,for K = S 1 S 2 = {0, 5, 8, 9, 10, 12, 13, → , · · · }, we obtain
and
Moreover, we write D(4, 6, 7, 11) = {1, 2, 3, 4, 6, 7, 11} for 4, 6, 7, 11 ∈ F H(S 1 S 2 ). Thus,we determine numerical semigroup K = S 1 S 2 = {0, 5, 8, 9, 10, 12, 13, → , · · · } as follows:
If we apply the same operations for numerical semigroups 
